Abstract. Sudden turn-on of a matter-wave source leads to characteristic oscillations of the probability density which are the hallmark feature of diffraction in time. The apodization of matter waves relies on the use of smooth aperture functions which suppress such oscillations. The analytical dynamics arising with different aperture functions are discussed systematically for switching-on processes, and for single and many-pulse formation procedures. The possibility and time scale of a revival of the diffraction-in-time pattern is also analysed. Similar modulations in time of the pulsed output coupling in atom-lasers are responsible for the dynamical evolution and characteristics of the beam profile. For multiple pulses, different phase schemes and regimes are described and compared. Strongly overlapping pulses lead to a saturated, constant beam profile in time and space, up to the revival phenomenon.
Coherent matter-wave pulse formation and dynamics have been studied traditionally in the context of scattering and interferometric experiments with mechanical shutters. Suddenly switching-on and off matter-wave sources leads to an oscillatory pattern in the probability density which was discovered by one of the authors in 1952 and dubbed diffraction in time [1, 2] because of the analogy with the diffraction of a light beam from a semi-infinite plane. The (sudden) "Moshinsky shutter" describes the evolution of a truncated plane wave suddenly released and admits an analytical solution which remains a basic reference for analysing more complex and realistic cases. A wide class of experiments have reported diffraction in time in neutron [3] and atom optics [4] , and with electrons as well [5] . It was also observed in a BoseEinstein condensate bouncing off from a vibrating mirror, proving that the effect survives even in the presence of a mean-field interaction [6] . A more recent motivation for studying matter-wave pulses is the development of atom lasers: intense, coherent and directed matter-wave beams extracted from a Bose-Einstein condensate. One of the prototypes uses two-photon Raman excitation to create "output coupled" atomic pulses with well defined momentum which overlap and form a quasi-continuous beam [7, 8] (For other approaches see e.g. [9] or [10] ). Clearly, the features of the beam profile are of outmost importance for applications [11, 12, 13] , and will depend on the pulse shape, duration, emission frequency, and initial phase. While many studies on matterwave pulse formation and dynamics deal with single or double pulses, more research is needed to understand and control multiple overlapping pulses. We shall undertake this objective within the analytical framework of the elementary Moshinsky shutter, here at the level of the Schrödinger equation for independent-atoms. Non-linear effects will be numerically considered elsewhere. This formulation may indeed be adapted also to other important features of pulse formation in atom lasers, which are different from the mechanical shutter scenario. Instead of sudden switching we shall consider smooth aperture functions, i.e., "apodization", a technique well-known in Fourier optics to avoid the diffraction effect at the expense of broadening the energy distribution [14] . Manifold applications of this technique have also been found in time filters for signal analysis [15] .
In more detail, motivated by the recent realisation of an atom laser in a waveguide [16] , we shall focus on the longitudinal beam features and explore the space-time evolution of effective one dimensional sources represented by "source" boundary conditions of the form
The aperture function χ(t) modulates the probability amplitude at the source and is therefore responsible for the apodization in time, that is, the suppresion of the fringes in the beam profile. However we shall show that, for long enough pulses or for multiple overlapping pulses, such effect holds only in a given time domain because of the revival of the diffraction in time.
Localised sources [17, 18] represented by an amplitude ψ(x = 0, t) ∼ e −iω 0 t have been used for understanding tunnelling dynamics or front propagation and related time quantities such as the tunnelling times [19] . Moreover, this approach has shed new light on transient effects in neutron optics [20, 21, 3] and diffraction of atoms both in time and space domains [22, 23] . The connection and equivalence between "source" boundary conditions, in which the state is specified at a single point at all times and the usual initial value problems, in which the state is specified for all points at a single time, was studied in [24] . Notice that we shall use the source conditions (1) for simplicity, but the pulses could also be examined with the initial value approach.
In section 1 we shall review the sudden switching on of the source since any other case is a combination of this elementary dynamics. Single pulse formation with standard apodizing functions is examined in sec. 2, and we describe the dynamics for a smoothly switched-on source in sec. 3; Section 4 is devoted to the multiple pulse case treated with different aperture functions, and the paper ends with a discussion.
Turning-on the source
We shall consider the dynamics of a source of frequency ω 0 = k 2 0 /2m, which is turned on in a horizontal waveguide. This has the advantage of cancelling the effect of gravity off, avoiding the decrement of the de Broglie wavelength λ dB = 2π/k 0 due to the downward acceleration [16] . Note that the effects of an external linear potential on the diffraction in time phenomenon can also be taken into account following [25] . At the same time the dynamics is effectively one-dimensional provided that ω 0 ≪ ω ⊥ where ω ⊥ is the transverse frequency of the waveguide.
The sudden approximation for turning on a source is well-known [1, 18, 24, 19 ] but briefly reviewed here for completeness. The aperture function is then taken to be the Heaviside step function, χ 0 (t) = Θ(t). The Fourier transform of the source ψ 0 (x = 0, k 0 , t) = e −iω 0 t Θ(t) is given by
For x, t > 0, making use of the dispersion relation ω 0 = k 2 0 /2m, one finds that the wave function evolves according to
where Imk ≥ 0. This can be written in the complex k-plane by deforming the contour of integration which goes from −∞ to ∞ passing above the poles,
Since one of the definitions of the Moshinsky function M(x, k, t) is precisely
(The Moshinsky function can be related to the complementary error function, see Appendix A.), the resulting state can then be simply written as
Such combination of Moshinsky functions is ubiquitous when working with quantum sources and will appear throughout the paper. The probability density corresponding to Eq.(3) exhibits the characteristic oscillations of diffraction in time [1, 2] . We are interested in describing more general switching procedures. However, given their dependence on pulse formation results, its discussion will be postponed to section 3.
Single pulse
In this section we study the formation of a single-pulse of duration τ from a quantum source modulated according to a given aperture function χ (1) (t), the superscript denoting the creation of a single pulse. Notice that some apodizing functions were already explored in the quantum domain [23] , but we shall present a more general description. In [26] the generic short-time propagation of wavepackets with sharp boundaries in coordinate space was reported. In what follows we will be interested in pulses modulated with an arbitrary aperture function χ(t) which is zero outside the interval [0, T ]. An analytical result can be obtained in such case by means of Fourier series. Noting that
the wavefunction at the origin can be conveniently written for all times as an infinite series
which spreads for x, t > 0 as
where k r = √ 2m ω r , with the branch cut taken along the negative imaginary axis of ω r = ω 0 + 2πr/T . In particular, let us consider the the family of aperture functions χ 
with Ω = π/τ , see Fig. 1 (a). The Fourier transform of the source amplitude at the origin is given by
where Γ(z) is the Gamma function [31] . The energy distribution of the associated wavefunction [24] is proportional to
As shown in Fig.1(b) , the smoother the aperture function the wider is the energy distribution, which will affect the spacetime profile of the resulting pulse. We shall next illustrate the dynamics for the n = 0, 1, 2 cases.
Rectangular aperture function
For the case χ 
corresponding to a single-slit in time the dynamics of the wave function is given by
Note that if t < τ , before the pulse has been fully formed, the problem reduces to that discussed in the previous section, being χ(t) = Θ(t). Equation (8) is also valid for these times, in contrast to previous works restricted to t > τ [20, 21, 22, 23] . The same will be true for the following pulses.
Sine aperture function
Let us consider now χ
. Then, defining ω ± = ω 0 ± Ω and the corresponding momenta Figure 1 . Family χ n (t) of switching-on aperture functions. The smoothness at the edges increases with in this order: rectangular (n = 0, continuous line), sine (n = 1, dashed line), sine-square (n = 2, dot-dashed line). Note that in the frequency domain, the aperture function broadens as a result of apodization, with increasing n.
Sine-square aperture function
The sine-square (Hanning) aperture function is given by
Introducing p β = 2m (ω 0 ± 2Ω) with β = ±, leads to
where the effect of the apodization is to substract to the pulse with the source momentum two other matter-wave trains associated with p β , all of them formed with rectangular aperture functions. Fig. 1 shows the details of the probability density for a single pulse and different aperture functions, where all states are normalised to one in coordinate space. As a result of smoothing the time window function, the sidelobes are highly suppressed. This is a direct consequence of the broader energy distribution induced by apodization.
The effect of a short τ on the energy distribution has already been studied in [2, 23] from which a time-energy uncertainty relation was inferred. Indeed, the uncertainty product reaches an approximate minimum of 2 if the pulse duration is shorter than ⊤ = 2m/ k 2 0 . The space-time dynamics for a source apodized with a rectangular aperture function is illustrated in Fig. 2 , where it is shown that for τ > ⊤ the quantum average of the position operator follows the classical free-particle trajectory whereas if τ ⊤ the quantum pulse is sped up. Fig. 3 shows for different χ n (t) (n = 0, 1, 2) the effect on the velocity distribution which is only centered at k 0 /m for τ > ⊤. Concerning the apodization, the higher the value of n the narrower is the mean width of χ n (t) and the larger the shift on the mean velocity. The smoothing of the χ n (t) is reflected on the suppression of the sidelobes in the velocity distribution. 
Smooth switching: apodization and diffraction in time
Instead of forming a finite pulse as discussed in the previous section, some sources are prepared to reach a stationary regime with constant flux after the initial transient. The extreme case is the sudden, zero-time switching of Sec. 1. In this section we shall study how the matter-wave dynamics is modified for slow aperture functions with a given switching time τ . In order to do so, we introduce the family of switching functions where it is assumed that χ(τ ) = 1, and which is represented in Fig. (4) a for χ(t) = sin n Ω s t with n = 0, 1, 2 and Ω s = π/2τ . Note that for n = 0, one recovers the sudden aperture χ 0 (t) = Θ(t) which maximises the diffraction in time fringes. For n = 1 (n=2) the source amplitude follows half a sine (square)-lobe. The general result for the time-dependent wavefunction simply reads,
where the superscript s stands for switching and ψ ) shows the effect of a finite switching time on the oscillatory pattern at a given time. As a result of the smooth aperture functions new frequencies are singled out, leading to a progressive suppression of diffraction in time. Moreover, for a given χ n (t) function, a larger switching time τ increases the apodization of the source, washing out the fringes in the probability density, see Fig. 5(a) . In this sense, the effect of a finite band-width source is tantamount to a time dependent modulation, as was shown in [18] . However, it is remarkable that the effect of the apodization is limited in time because of a revival of the diffraction in time. The intuitive explanation is that the intensity of the apodization "cap" decays with time whereas the intensity of the main signal (coming from the step excitation) remains constant. For sufficiently large times, the main signal, carrying its diffraction-in-time phenomenon, overwhelms the effect of the small cap. One can estimate the revival time by considering that the momentum width of the apodization cap will be of the order
and taking into account the, essentially linear with time, spread of the cap half-pulse described by ψ (1) χ in Eq. (12) . The ratio of the spatial widths corresponding to the initial and evolved cap ψ (1) χ is given by
where we have checked numerically that the classical dispersion relation holds. Taking ∆x(0) = 2 ω 0 /mτ and imposing R = 1/2 leads to the expression for a revival time scale
which is analogous to the Rayleigh distance of classical diffraction theory but in the time domain [27] . The smoothing effect of the apodizing cap cannot hold for times much longer than t r . This is shown in Fig. 5(b) , where the initially apodized beam profile develops spatial fringes, which reach the maximum value associated with the sudden switching at t ≈ 2t r .
Multiple pulses
We show next that the single pulse aperture functions χ (1) (t), described in section 2 are useful to consider matter wave sources periodically modulated in time. Indeed, the N-pulse aperture function can be written as a convolution of χ (1) (t) with a grating function. In particular, if the grating function g(t) is chosen to be a finite Dirac comb g N (t) = N −1 j=0 δ(t − jT ), it is readily found that
which describes the formation of N consecutive χ (1) -pulses, each of them of duration τ and with an "emission rate" (number of pulses per unit time) 1/T .
If we are to describe an atom beam periodically modulated with such apodizing function, the space-time evolution simply reads,
being a linear combination of the single-pulse wavefunction ψ (1) (x, t) studied in section 2. The Θ(t − jT ) corresponds to the condition that the n-th pulse starts to emerge only after nT .
A similar mathematical framework can be employed to describe an atom laser in the no-interaction limit. The experimental prescription for an atom laser depends on the outcoupling mechanism. Here we shall focus on the scheme described in [7, 8] . The pulses are obtained from a condensate trapped in a MOT, and a well-defined momentum is imparted on each of them at the instant of their creation through a stimulated Raman process. The result is that each of the pulses ψ (1) χ does not have a memory phase, the wavefunction describing the coherent atom laser being then
compare with (17) . It is interesting to impose a relation between the outcoupling period T and the kinetic energy imparted to each pulse ω 0 , such that ω 0 T = lπ, where if l is chosen an even (odd) integer the interference in the beam profile ψ Figure 6 . Beam profile of a 23 Na atom laser with τ = 0.833ms, T = 0.3ms, in the coherently constructive ω 0 T = 10π (5.9 cm/s) (a), destructive ω 0 T = 11π (5.9 cm/s) (b), and incoherent case (c), with same conditions than a) with a sine-square aperture function. The conditions equivalent to the experiment reported in [7] (τ = 0.83ms, T = 0.05ms) are studied for the constructive (d), destructive (e) and incoherent case (f). If the pulse is not apodized the beam profile becomes noisy as shown in (g) for rectangular χ, in the same conditions than (d).
the additional phase e −iω 0 jT singles out the constructive interference independently of the parity of l.
So far we have assumed that the source is coherent. The interference pattern between adjacent pulses is affected by the presence of noise in the phases [28] . The average over many realisations in which the phase α j of each pulse varies randomly in [0, 2π] leads to the density profile,
which reproduces the incoherent sum of the pulses, ρ(x, t) = j |ψ (1) n (x, k 0 , t − jT ; τ )| 2 Θ(t − jT ). One advantage of employing stimulated Raman pulses is that any desired fraction of atoms can be extracted from the condensate. Let us define s as the number of atoms outcoupled in a single pulse, ψ (1) χ . The total norm for the N-pulse incoherent atom laser is simply N ic = sN. A remarkable fact for coherent sources is that the total number of atoms N c outcoupled from the Bose-Einstein condensate reservoir depends on the nature of the interference [29] . Therefore, in all figures we shall consider the signal relative to the incoherent case, namely, |ψ
Note the difference in the time evolution between coherently constructive and incoherent beams in Fig. 7 : At short times both present a desirable saturation in the probability density of the beam. However, in the former case a revival of the diffraction in time phenomena takes place in a time scale ω 0 τ 2 , similar to the smooth switching considered in section 3, whereas the later develops a bell-shape profile. Interestingly, whenever the overlap amongst different pulses is coherently constructive or with phase memory (periodic chopping of a beam), an effective singlepulse aperture function can be introduced. Indeed, if τ /T ≪ 1 as in the actual experiments [7, 8] , it follows that χ ef f (t) = N −1 j=1 χ(t − jT ) ≈ Θ(t)Θ(τ ef f − t) for any χ, where the effective pulse duration is τ ef f = (N − 1)T + τ . More precisely it reaches a plateau in the time interval [τ, nT − τ ] but has both a front and a back cap of duration τ associated with the switching on and off. This is graphically illustrated in Fig. 8 for χ 
t).
Moreover, the quality of this approximation improves as the time of evolution becomes greater than the revival time, see Fig 7(c) . Clearly this is only valid in the highly-overlapping regime whereas if the overlap is restricted to few pulses no saturation of the beam profile is observed. This is an important simplification to optimise the aperture function and design the beam profile of an atom laser.
Discussion
We have studied the dynamics of matter wave sources which are modulated in time with arbitrary aperture functions. Starting with different switching-on procedures we have accounted first for single pulse formation and systematically described the multiple pulse case. Whenever the modulation is sudden, the spreading of the source exhibits oscillation in the probability density, which is the taletelling sign of the quantum diffraction in time phenomenon. For apodized sources with smooth aperture functions the oscillations are suppressed, thus bringing to the quantum domain the classical apodization techniques usual in signal analysis and Fourier optics. However, for long or multiple overlapping pulses the smoothing is limited by a time scale t r , associated with a revival of the diffraction-in-time phenomenon. Multiple pulse formation has been examined for different possible cases. For constructive or for random averaged phases, a saturation effect occurs providing a flat intensity profile before t r , which later develops spatial fringes and a bell-shape profile respectively. For both types of beam formation the initial flat beam region is smooth for apodized pulses but noisy for square ones. While these results are already quite relevant for an understanding of pulse formation and intended applications of the atom laser, the next natural step will be to extend the present analysis to systems with atom-atom interaction.
